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Proposition 2.5 of [Qui94] states that a full coaction of a locally compact group on a C * -algebra is nondegenerate if and only if its normalization is. While we still believe that the result is correct, the proof in [Qui94] has a gap: it only proves the easier forward implication. Unfortunately, we have been unable to find a proof of the reverse implication. ( We are grateful to Ian Raeburn for pointing out the error in the original proof, and to Alcides Buss for drawing our attention to a problem with our initial attempt to correct it.)
The error is significant because this result underpins much of the literature on crossed-product duality, which ultimately relies on nondegeneracy. For example, since reduced coactions of discrete groups are automatically nondegenerate [BS89, Corollaire 7.15], Corollary 3.4 of [Qui94] (which relies on Proposition 2.5) has often been cited to justify the assertion that every full coaction of a discrete group is also nondegenerate. (See, for example, [Qui96] and [EKQR06] .) Similarly, it is frequently assumed (as in [KS13, Section 2.4]) that if a C * -algebra A carries a coaction of a discrete group, then A is the closed span of its spectral subspaces; but this assumption is is equivalent to automatic nondegeneracy of discrete coactions.
It is generally believed that all coactions are automatically nondegenerate, but this is still an open problem. In this note, we summarize what is currently known about nondegeneracy of C * -coactions. Our theorem includes the maximal coactions and maximalizations from [EKQ04] , which of course were not available when [Qui94] was written. We had initially hoped that this new technology could be used to fix the proof of [Qui94, Proposition 2.5]; however, unlike the case with normalizations, the very existence of maximalizations is predicated on nondegeneracy.
For the terminology and basic results concerning coactions of locally compact groups on C * -algebras, and in particular for the concepts of normalization and reduction, we refer primarily to [Qui94] ; a more detailed overview of the theory can be found in Appendix A of [EKQR06] . The immediately relevant facts are as follows: every full coaction (A, δ) of a locally compact group G has as a quotient an essentially unique normal coaction (
, as defined in [Qui94] , coincides with the reduction studied in Section 3 of [Rae92] .
The relevant theory of maximal coactions goes as follows: if (A, δ) is a full coaction, the crossed product A ⋊ δ G is the closed span of j A (A)j G (C 0 (G)), and moreover we can take j A = (id A ⊗ λ) • δ and
which we typically denote by Φ, maps the crossed product
). This latter fact seems to not be readily available in the literature, so we give the brief proof: note that
It is important here to note that the definition of maximality does not itself require that δ be nondegenerate. However, if (A, δ) is nondegenerate, then Φ actually maps onto A ⊗ K(L 2 (G)), and Φ is then referred to as the canonical surjection. (It is partly for this reason that, nowadays, nondegeneracy is built into the definition of coaction.) Every nondegenerate coaction (A, δ) has an essentially unique nondegenerate maximalization
We believe that maximal coactions are in fact automatically nondegenerate, and that a proof in this case should be easier to find than for normal or reduced coactions. Theorem 1. Let (A, δ) be a full coaction of a locally compact group G. Then among the following four conditions, we have the relations (1) ⇔ (2) ⇒ (3) ⇔ (4).
(1) (A, δ) has a nondegenerate maximalization (2) (A, δ) is nondegenerate (3) the normalization (A n , δ n ) is nondegenerate (4) the reduction (A r , δ r ) is nondegenerate.
Lemma 2. Let (A, δ) and (B, ε) be full coactions of a locally compact group G. If (A, δ) is nondegenerate and there exists a δ − ε equivariant surjection ϕ : A → B, then (B, ε) is also nondegenerate.
Thus (B, ε) is nondegenerate as well.
Proof of Theorem 1. Since (A, δ) is a quotient of its maximalization (A m , δ m ), Lemma 2 gives (1) ⇒ (2). Similarly, (2) ⇒ (3). Now if (A, δ) is nondegenerate, then the normalization (A n , δ n ) is also nondegenerate by the above, and the maximalization ((A n ) m , (δ n ) m ) of (A n , δ n ) is naturally isomorphic to (A m , δ m ) by Corollary 6.1.18 of [BKQ11] . Since the maximalization of any nondegenerate full coaction is nondegenerate, it follows that (2) ⇒ (1).
Finally, the reduction (A r , δ r ) coincides, by Definition 3.5 of [Qui94] , with the reduction ((A n ) r , (δ n ) r ) of the normalization (A n , δ n ). Nondegeneracy of ((A n ) r , (δ n ) r ) is equivalent to that of (A n , δ n ) by Proposition 3.3 of [Qui94] (which is independent of Proposition 2.5 there), so (3) ⇔ (4).
